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We show that the relative rotation rates of Solari and Gilmore are the image of the periodic-orbit
braid under the abelianization of the pure braid group, Pn → Zn(n−1)/2. The Nielsen–Thurston
data lie in the kernel [Pn, Pn], so no function of the rates recovers them. This accounts for the
failure of the self-rotation-rate spectrum to fix horseshoe braid type beyond period 10, a failure we
exhibit in six tabulated period-11 orbits. The relation clarifies the different uses of exponent sums
and linking numbers to identify chaotic systems.

Solari and Gilmore introduced the relative rotation
rate (RRR) to describe how pairs of periodic orbits wind
about one another in a periodically driven flow [1]. Two
orbits of periods pA and pB close up together after pApB
drive periods, and the vector from one to the other turns
through a whole number of revolutions. The relative ro-
tation rate Rij(A,B) is the average number of turns per
period. The table of these ratios over all orbit pairs is the
intertwining or RRR matrix. It was proposed first as a
fingerprint for strange attractors [2] and then as the basis
of a classification of chaos by integers [3, 4]. The pro-
posal worked. Templates were identified for the Duffing
oscillator, the Belousov–Zhabotinskii reaction, an NMR
laser, a laser with a saturable absorber, and a vibrating
string by matching measured linking numbers and rota-
tion rates against cataloged forms [3–9]. The same data
track bifurcations and orbit forcing. Two orbits can meet
in a saddle–node bifurcation only if their rotation rates
against every other orbit agree [1]. Linking numbers of
saddle–node pairs generate forcing relations, computed
through period 8 for horseshoe-type templates [4, 10].

These invariants also met limits at definite periods.
The exponent sum, the total signed crossing count of the
orbit braid, distinguishes horseshoe braid types through
period 8, but not beyond [11]. The spectrum of self-
relative rotation rates does better. Gilmore and Lefranc
conjectured that orbits sharing an RRR spectrum share
a braid type; they report that this holds for horse-
shoe orbits through period 10 but fails at period 11
[9, Sects. 4.5.3 and 9.3.3.2]. Mindlin et al. observed
early that any finite set of periodic orbits of a three-
dimensional flow with a Poincaré section is an element
of the braid group, up to conjugacy [5]. Their attention
then turned to branched manifolds and to invariants eas-
ier to compute than the braid itself. This Letter points
out that the braid itself is now computationally tractable
and its utility is worth revisiting.

The key observation is that the relative rotation rates
of a collection of periodic orbits are the image of its
braid under the abelianization of the pure braid group.
This is the homomorphism Pn → P ab

n
∼= Zn(n−1)/2 that

keeps the pairwise winding of strands and discards the
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rest. The crossing-count definition given as Eq. (A4) in
the Appendix of Ref. [1] is this homomorphism written
in coordinates. The kernel is the commutator subgroup
[Pn, Pn], and the Nielsen–Thurston data of the braid—
its type, its dilatation, its topological entropy [12, 13]—
live there. The identification shows where the rotation
rates are complete and why the period-11 conjecture fails.
Gilmore and Lefranc describe the relation between braid
type and entropy as an active area in which many ques-
tions remain open [9, Sect. 9.6]; the identification ad-
dresses one of them.
Abelianization in relation to braids and chaotic dy-

namics was recently discussed by Thiffeault, whose
monograph on braids for applied dynamics abelianizes
the braid’s Artin action on the fundamental group of the
punctured disc [14]. In that analysis only the permu-
tation survives, and the conclusion drawn there is that
“too much is lost in the process of Abelianizing” [14].
That map abelianizes the group the braid acts on; ours
abelianizes the group of braids, and what survives is ex-
actly the intertwining matrix (Table I).
We first recall how the rotation rates are measured.

Let f be the return map of a flow on a disc-like cross
section Σ. For a system driven at period τ the phase
space is D2 × S1, the section is the disc at a fixed drive
phase, and f is the stroboscopic map [1]. A period-pA
orbit A meets Σ in pA points a1, . . . , apA

, visited cycli-
cally. The canonical example is the suspension of the
Smale horseshoe map, whose orbits are tabulated across
this literature [1, 9, 11, 15]. Fix orbits A and B, choose
starting points (ai, bj), and follow the difference vector
δij(t) = xA(t) − xB(t) as the drive runs. After pApB
periods both orbits have closed and the argument of δij
has advanced by an integer multiple of 2π. The relative
rotation rate is the average advance per period,

Rij(A,B) =
1

2π pApB

∮
d arg δij , (1)

a rational number with denominator dividing pApB [1].
We count a rotation as positive when it is counterclock-
wise seen looking into the flow, following Ref. [1]; Ref. [16]
adopts the opposite sign. Self-rates Rij(A,A) are defined
by the same integral for i ̸= j, with Rii(A,A) = 0 by con-
vention. Summing over starting points recovers the link-
ing and self-linking numbers, Lk(A,B) =

∑
i,j Rij(A,B),

with no residual factor [1].
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The integral is a crossing count. The Appendix of
Ref. [1] gives four equivalent definitions of Rij . The
last of them, its Eq. (A4), cuts A and B into segments
between successive section crossings, projects along the
flow, and counts the signed crossings σr,s of segment r of
A over segment s of B:

Rij(A,B) =
1

pApB

pApB∑
n=1

σi+n, j+n. (2)

Each full turn of the difference vector is one signed pas-
sage of one orbit strand over the other, so the rota-
tion rate and the crossing count record the same events.
Because Eq. (2) makes no reference to time, Solari
and Gilmore observed that the concept extends to au-
tonomous three-dimensional flows [1]. The extension
must supply its own section and its own suspension, sub-
tleties we treat elsewhere. Here the drive fixes both, and
the rotation rates are well-defined invariants of the flow.

Now take a finite collection of orbits {A1, . . . , Am} with
periods p1, . . . , pm, meeting Σ in n =

∑
a pa points, and

let the drive run through N = lcm(p1, . . . , pm) periods.
Each orbit point travels along its orbit and returns to it-
self, so the n points trace n strands in D2× [0, Nτ ]: a ge-
ometric braid β. Since every strand ends where it began,
β lies in the pure braid group Pn ⊂ Bn, the subgroup of
braids inducing the trivial permutation. The braid type
of the collection is the conjugacy class of β in Bn modulo
the full twist ∆2, a quotient that absorbs relabelings, the
identification of Σ with a standard disc, and the choice
of suspension [13, 17]. The pure braid group abelianizes
onto a free abelian group with one coordinate per pair of
strands,

ab: Pn −→ P ab
n = Pn/[Pn, Pn] ∼= Zn(n−1)/2, (3)

and the coordinates are linking numbers [18]. The gener-
ator Akl, in which strand l makes one loop about strand
k, maps to the unit vector ekl. A general β maps to
the vector of pairwise strand linking numbers Lkkl(β),
each half the signed count of crossings between strands k
and l. The winding of the difference vector of strands i
and j over the N -period suspension is 2π Lkij(β). Equa-
tion (1) averages over pApB periods, but the difference
vector closes after lcm(pA, pB) periods, a span dividing
both pApB and N . Each window holds a whole number
of these cycles, so the average turn per period is the same
over either. Comparing with Eqs. (1) and (2) gives, entry
for entry,

Rij =
1

N
Lkij(β). (4)

The intertwining matrix of an orbit collection is the
abelianization of its pure braid, normalized per period.
Self-rates are the intra-orbit strand linkings per period,
and summing the coordinates of ab(β) blockwise gives N
times the orbit-pair linking numbers. Equation (2) is the
homomorphism (3) written in coordinates, and the rota-
tion rates and ab(β) determine each other exactly. Three

abelianizations now appear in this literature. Table I sep-
arates them; only the last reproduces the rotation rates.
Every homomorphism is blind to its kernel, and here

the kernel is the commutator subgroup [Pn, Pn]. Two
collections whose braids differ by an element of [Pn, Pn]
have identical rotation rates, in every entry. The Nielsen–
Thurston type of β, its dilatation, and its topological en-
tropy vary within a single abelianization class, so none of
them is a function of the intertwining matrix. The height
and the depth, the rational braid-type invariants that
order the creation of horseshoe orbits [19], are likewise
defined through the braid type, not through the abelian
data. The published tables of Ref. [11] lay the two kinds
of data side by side, listing the exponent sum beside
Thurston type, height, depth, and train-track entropy
for every horseshoe braid through period 11. That the
abelian invariants give out at finite period—8 for the ex-
ponent sum, 10 for the intertwining matrix—reflects this
one kernel: every distinction they miss lies in [Pn, Pn].
The exponent sum is the image of β in Bab

n
∼= Z, the

coarsest map in Table I, and separates horseshoe braid
types through period 8 [11]. The intertwining matrix is
the image in P ab

n and separates them through period 10
[4, 9]. Both are abelianizations, differing only in resolu-
tion: the exponent sum records one integer where the
intertwining matrix records a winding number for ev-
ery pair of strands. Each holds until the horseshoe fam-
ily grows large enough that two orbits of different braid
type share the same abelianized image. At period 11, ex-
actly where the conjecture fails [9], Table III of Ref. [11]
contains six pseudo-Anosov orbits, s1135, s1136, s1143,
s1147, s1150, and s1154, sharing rotation number 4/11
and exponent sum 32. With the points of each orbit
numbered in the order the orbit visits them, Rij depends
only on the separation d = j− i mod 11, and all six share
the same values: R = 4/11 at d = 1, 10 and R = 3/11 at
d = 2, . . . , 9.1 Their images in P ab

11 therefore agree in ev-

TABLE I. Three distinct abelianizations. The first is the
abelianized Artin action of Ref. [14]; the second carries the
exponent sum of Ref. [11]; the third carries the full intertwin-
ing matrix, Eq. (4).

Map Target Survives

Artin action on H1(Dn) permutations the permutation

Bn → Bab
n Z exponent sum

Pn → P ab
n Zn(n−1)/2 the RRR matrix

1 The period at which the abelian data first collide depends on
the labeling one fixes. Numbering the points in visiting order, as
here, the first collision we find is at period 11. Taking instead the
conjugacy-invariant image in P ab

n , the natural object for Eq. (3),
the orbits s913 and s915 of Ref. [11] already agree: their matrices
coincide after i 7→ 4i mod 9, which carries the successor cycle to
another generator of the same cyclic group, while their entropies
are 0.604904 and 0.491993.
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ery entry. The six fall into at least two braid types, with
topological entropies 0.538349 and 0.512786, heights 2/7
and 1/4, and depths 1/2 and 2/5 [19]; we recomputed the
entropies from the orbit codes with train tracks [20]. The
identification is realized among tabulated orbits: what-
ever separates the two types lies in [P11, P11]. Outside
such a restricted family the collapse can be total, as the
example below shows. The saddle–node selection rule of
Ref. [1] is an abelian statement: it constrains merging
orbits through their rotation rates alone.

Three neighboring constructions should be kept dis-
tinct from Eq. (4). Hall defines the linking number of
one orbit about another as a homology class in the sus-
pension manifold, and his Lemma 1.6 exhibits orbits of
equal braid type with different linking numbers about a
third orbit [15]. There is no conflict with Eq. (4), which
compares braids of one fixed collection of strands, while
the lemma varies the collection. The framed-braid link-
ing matrix of Ref. [21] classifies a template, not an orbit
braid. And Boyland’s abelian Nielsen equivalence [13] is
the same quotient performed on the abelianized funda-
mental group of the surface rather than on the group of
braids.

The Nielsen–Thurston theorem sorts braids into three
classes: periodic (finite order), reducible, and pseudo-
Anosov [9, 12]. Periodic braids, some power of which is
a power of the full twist, have zero topological entropy,
and on them the abelian data are complete. A theorem
of Birman, Gebhardt, and González-Meneses states that
once two braids are known to be periodic, their conju-
gacy is decided in linear time by comparing exponent
sums [22]. The coarsest abelian invariant is a complete
conjugacy invariant exactly on the periodic class. Zero
entropy alone does not suffice: a reducible braid whose
pieces are periodic also has zero entropy without being
periodic. The torus knots in the horseshoe catalog show
this at work. They are finite-order orbits, and their self-
rotation-rate spectra identify them on sight [9, Sect. 4.5].

Two topological models appear in this literature: the
pseudo-Anosov representative of a braid, and a template
[23]. The pseudo-Anosov representative is a minimal
model: every map carrying the braid has at least its
topological entropy [24] and at least its periodic orbits
[13], and the physical system may have more. A tem-
plate carries a subshift of finite type [25], a full shift for
the horseshoe, so it bounds the entropy and the orbit set
from above. It typically has too many orbits, which must
be pruned to arrive at a tighter bound [26, 27].

Abelian data can also indicate chaos, and the mech-
anism deserves a precise statement. The rotation num-
ber of an orbit about a fixed point is its linking number
divided by its period [15]. For torus homeomorphisms
isotopic to the identity, a rotation set with nonempty in-
terior forces positive topological entropy [28]. For disc
maps the analogous interval alone forces nothing: an in-
tegrable twist realizes a whole rotation interval about its
fixed point at zero entropy. Entropy certification on the
disc or annulus needs a twist or embedding hypothesis

1 2 3
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σ−2
1

σ−2
2

FIG. 1. The pure braid β = σ2
1σ

2
2σ

−2
1 σ−2

2 = [A12, A23] on
three strands, read downward. Strands 1 and 2 cross four
times, twice with each sign; strands 2 and 3 likewise; strands
1 and 3 never cross. Every linking number vanishes, so every
relative rotation rate of a three-orbit collection braided as β
is zero, while β is pseudo-Anosov with dilatation (2 +

√
5)2

and topological entropy 2.887 per period.

beyond the abelian data [13, Sect. 8]. Within a cata-
loged family the abelian data can identify a chaotic in-
variant set directly. The exponent sum measured from a
bouncing-ball time series did so “without the calculation
of more detailed quantities such as fractal dimensions or
Lyapunov exponents” [11]. What the abelian data can-
not do is determine the braid type, or the value of a
dilatation or an entropy.
As an example consider the group P3 which can be

realized physically by three stirring rods in a mixing tank
[14]. Take the generators A12 = σ2

1 and A23 = σ2
2 and

form their commutator (Fig. 1),

β = [σ2
1 , σ

2
2 ] = σ2

1σ
2
2σ

−2
1 σ−2

2 ∈ [P3, P3]. (5)

Strands 1 and 2 cross four times, twice with each sign;
strands 2 and 3 likewise; strands 1 and 3 never cross. All
three linking numbers vanish, so a collection braided as
β has every relative rotation rate equal to zero, in the
self-entries and the mutual entries alike. The braid is
nonetheless pseudo-Anosov. The Burau representation
is faithful for n ≤ 3 [14, 18]. Specialized to t = −1 it
maps B3 onto SL(2,Z) with only a central kernel, and a
3-braid is pseudo-Anosov exactly when its image is hy-
perbolic, the dilatation being the leading eigenvalue [14].
The image of β is

(
13 8
8 5

)
, with trace 18, so β is pseudo-

Anosov with dilatation λ = 9 + 4
√
5 = (2 +

√
5)2 and

entropy h(β) = 2 ln(2 +
√
5) = 2.887 271 per period. Ev-

ery homeomorphism carrying this braid has at least this
entropy. The entropy of a surface homeomorphism is
bounded below by the growth rate of its action on the
fundamental group [29, 30]. For a disc map that growth
rate is bounded below by the spectral radius of the Burau
matrix at any |t| = 1 [31, 32]. Three orbits with every
rotation rate zero force topological entropy of at least
2.887. For a stirring device, this is a protocol indistin-
guishable by rotation rates from one that mixes poorly.
Powers of β, or longer commutators, push the bound as
high as desired, so vanishing abelian data are compatible
with arbitrarily large entropy.



4

The rotation rates were adopted when the non-abelian
data were out of reach. Train-track methods “are im-
practical for periods much greater than 10” [19], and the
braid-conjugacy algorithms available in 1994 were judged
“probably not an effective solution for braids beyond pe-
riod 8” [11]. Boyland stated the general terms of the
trade: a stronger orbit equivalence “encodes more infor-
mation about the orbit, but as usual, recording more in-
formation results in diminished computability” [13]. Un-
der those constraints an abelian proxy, measurable di-
rectly from data, was a good choice. Algorithmic ad-
vances have since opened new possibilities. The Nielsen–
Thurston type of a braid can be decided in quadratic
time at fixed strand number [33]. The dilatation and
invariant foliations of a pseudo-Anosov class are com-
puted in quadratic time, again at fixed strand number
[34]. Conjugacy itself, the computational core of braid-
type equality, is polynomial for periodic braids [22] and
lies in NP∩co-NP at fixed strand number [35]. Dynnikov
coordinates yield closed-form dilatation polynomials for
infinite braid families at every braid index [36]. Free
software implements all of this: Hall’s trains and Dynn
[20], Thiffeault and Budǐsić’s braidlab [37], and Bell’s
flipper [38]. Of these, braidlab builds the braid di-
rectly from trajectory data, the same input from which
rotation rates have always been measured [14, 37].

We recommend computing both kinds of invariant.
The intertwining matrix remains the right first computa-
tion: it is cheap, it is measurable, it fixes the template, it
is complete on the finite-order orbits, and within a cat-
aloged family it can signal chaos. When the question
is what the orbits force—type, dilatation, entropy, forc-
ing order—the braid itself is now no harder to compute.
Equation (4) says the extra information is not stored any-

where in the rotation rates.
In summary, we have shown that the relative rotation

rates of a collection of periodic orbits are the abelian-
ization of its pure braid. They are complete conjugacy
data precisely on the periodic braids. The non-abelian
remainder is now computationally tractable and can join
the rotation rates in fingerprinting chaotic invariant sets.
Braid invariants are not restricted to dissipative systems:
with a choice of section and suspension, they extend to
two-degree-of-freedom autonomous Hamiltonian systems
such as the restricted three-body problem. Periodic so-
lutions have organized celestial mechanics since Poincaré
[39]. Braids can be used in a variety of ways to provide an
even finer dissection of invariant structures in both dis-
sipative and conservative nonlinear dynamical systems,
such as occur in celestial mechanics [40, 41].
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