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Tracking the spread of chaos in the swinging Atwood machine

Nick Tufillaro®
Aqualytics, P. O. Box 1028, Corvallis, Oregon 97333

(Received 8 May 2026; accepted 23 May 2026)

Chaos is investigated in the swinging Atwood machine as the mass ratio p decreases from the
integrable motion at u =3 to mostly chaotic dynamics at u = 2.7. The spread of chaos is
characterized by combining a stability index with a Poincaré surface of section. An effective
computational solution requires a consideration of numerical overflow issues. Once these are
resolved, the computation shows that the spread of chaos, in this parameter regime, is associated
with a hyperbolic periodic loop orbit. The example illustrates how to incorporate computational

physics—such as the regularization of a singularity—into the undergraduate curriculum. © 2026
Published under an exclusive license by American Association of Physics Teachers.

https://doi.org/10.1119/5.0344894

I. INTRODUCTION

The swinging Atwood machine is a tractable problem both
theoretically' and experimentally”” for undergraduates
studying classical mechanics. Recall that one of the masses
(m) in the Atwood machine is allowed to swing in the plane
(Fig. 1). If we assume that the masses are connected by fric-
tionless, massless pulleys, the Hamiltonian for the swinging
Atwood machine is

L
H_E u+1+73 + gr(u—cos0), (1)

where p, and py are the conjugate momenta, g is gravita-
tional acceleration, and i = M /m is the mass ratio. We focus
on how the dynamics depend on the parameter u. Without
loss of generality, we set m = 1 in the Hamiltonian, which
effectively rescales the energy. (Because the potential func-
tion is homogeneous, orbits at different energies are
similar.4)

The swinging Atwood machine is integrable for the mass
ratio ¢ = 3 and chaotic for all other mass ratios.® An inte-
grable system is a perfectly predictable Hamiltonian sys-
tem. Formally, a system with N degrees of freedom is
Liouville integrable if it possesses exactly N independent,
conserved quantities (constants of motion) /; that are in
involution,

{li,);} =0 and {I;H} =0 for ij=1,...,N,
@3]
where {-,-1 denotes the Poisson bracket. Physically, these

strict constraints preclude chaotic behavior. The constants of
motion confine the phase-space trajectories entirely to
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smooth, invariant N-dimensional geometric surfaces known
as KAM tori.”

For a mechanical system with two degrees of freedom, we
can think of the torus as the surface of a donut in phase
space. Every orbit of the machine forms a path on this donut.
The rotation number characterizes the average rate at which
a trajectory winds around the two fundamental angular
cycles of the donut. The rotation number is defined as the
ratio of the system’s two characteristic frequencies,
p = w;/w,. If this ratio is rational (p = p/q, where p and ¢
are integers), the orbit eventually closes on itself, forming a
periodic trajectory. Conversely, if the rotation number is irra-
tional, the orbit is quasiperiodic, never repeats, and densely
fills the surface of the torus.®

As the system moves away from integrable motion, tori
dissolve based on stability conditions that are a function of
the rotation number,” " and stable regions of phase space
(periodic or quasiperiodic orbits) are replaced by unstable
regions (chaotic orbits).

In this paper, we examine how chaos spreads as the mass
ratio decreases from integrable (stable) motion, specifically
as u decreases from 3 to 2.7. Numerical experiments reveal
that the geometric feature governing the spread of chaos in
this parameter regime is an unstable periodic orbit associated
with a collision between the swinging mass and the pulley.
In the language of dynamical systems, chaos spreads as part
of the bifurcation process leading to the merger of an
unstable homoclinic orbit and its elliptical partner—a
saddle-center bifurcation of periodic orbits—and the regions
of stable and chaotic orbits are roughly delineated by the sta-
ble and unstable manifolds of this homoclinic orbit.'? This
mechanism of chaos is easy to visualize: orbits that start very
close are suddenly far apart after they fly off to the left or to
the right during a near collision with the pulley. This behav-
ior is analogous to the origin of chaos in a forced pendulum,
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Fig. 1. The swinging Atwood’s machine.

where orbits approaching the unstable equilibrium (the
inverted pendulum) fall chaotically to the left or right
depending on the system’s state.'>'

To investigate chaos in the swinging Atwood machine, we
proceed in the usual way.'>'® First, we visualize the global
dynamics as a function of y using a Poincaré surface of sec-
tion.'” A surface of section is a geometric technique that
simplifies a complex, continuous trajectory by taking a
lower-dimensional “slice” of the phase space. By recording a
data point only when the orbit intersects this designated
plane in a specific direction, the continuous flow of the sys-
tem is reduced to a discrete map. This dimension reduction
makes it much easier to visually distinguish between con-
strained orderly motion and chaotic wandering. We identify
geometrical structures in phase space—namely, the low-
order periodic orbits and their stable and unstable manifolds
that shepherd the flow as p is varied from 3 (integrable) to
2.7 (mostly chaotic)—and track the overall spread of chaos
using the smaller alignment index discussed in Sec. III. The
theoretical and computational aspects are well covered in
books and papers,'®>' as well as by commonly available
numerical toolkits,zz_25 and thus we do not delve much into
the methods here, except for two aspects of the computa-
tional solution.

In Sec. II, we discuss regularization, or how to deal with
the “division by zero” in the dynamical equations. In Sec.
III, we discuss variational integration, or how to handle over-
flow in the Jacobian matrix through continuous normaliza-
tion. After resolving these computational issues, we present
in Sec. IV the results on tracking the initial breakdown of
integrable motion. Although details vary from problem to
problem, properly identifying and solving issues of overflow
or underflow are ubiquitous in computational physics, and
investigating the spread of chaos in the swinging Atwood
machine provides an introduction to some of the numerical
challenges. )

Problem 1. Derive the equations of motion (7, 0, p,., p,) for
the swinging Atwood machine from the Hamiltonian in
Eq. (1). Use the energy constant E to develop a formula for
pr=K(E, g, p,r,0,pg). Use your function to write a program
to numerically integrate and plot (r, ) for a few orbits assum-
ing g = 9.81, E = 2g, 0y = 0, and period T. Some initial con-
ditions to explore are (i, ro,pro,T): (2) (3, 0.50, 6.26, 2.49),
(b) (2.95, 0.1, 6.08, 2.54), (c) (2.99, 0.10, 0.73, 2.56), (d)
(2.95, 0.19, 1.52, 2.58), (e) (2.95, 0.51, 5.84, 100), and (f)
(2.95, 0.125, 2.61, 100). To help the reader get started, the
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supplementary material includes instructions for how to install
and run a Runge—Kutta—Fehlberg solver using the GNU
Plotutils package on most operating systems.”’

II. FIXING THE COLLISION SINGULARITY

To construct a surface of section, we need to numerically
create the trajectories for a long time. However, a severe
numerical issue arises because as the swinging mass
approaches the pulley (+ — 0), the angular velocity 0 = py/r?
rapidly approaches infinity. This 1/r? singularity crashes stan-
dard numerical ordinary differential equation algorithms due
to infinite derivatives and truncation errors.

To overcome this problem, we use the technique known as
regularization, which was originally developed for astro-
nomical simulations®® and consists of introducing a fictitious
time variable 7, related to physical time ¢ by the
transformation

dt = r* dr. (3)

We use this transformation to construct an extended phase
space I that includes the physical time 7 as a state variable,

I =7°(H—-E)
r2p? 1

:Ti’m—kip%,—!—gi}(y—cose)—ErZ:0. 4
For high-velocity motion near the pulley, the angular
momentum is approximately conserved—the gravitational
term in the equations of motion is negligible compared to the
terms associated with the angular momentum. This new
(approximate and localized) invariant indirectly motivates us
to look for a transformation that examines the dynamics at
the origin in more detail, which we do by slowing down the
“clock” as the mass approaches the singularity at r = 0.

Specifically, we multiply the Hamiltonian by a scaling
function g(r,0) = r? and define a new dynamical system on
an extended phase space as I =r*(H-E)=0.
Multiplication by 72 clears the problematic 1/r singularity
present in the angular term (see your equations of motion
derived in Problem 1). Furthermore, because the equations in
this extended space dictate that dr/dt = 0I'/O(—E), this
choice seamlessly enforces our desired time transformation,
dt = r? dv. With the new time 7, we obtain the regularized
equations of motion (denoted by primes d/dt),

®
0 = g—; = Do, (6)
p.= —%: —%—krz(,u—cos ) + 2Er, 7
p; = - (Z—g = —gr3 sin 0, (8)
f =7 (a;) _ 2 ©)
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Even if the mass passes exactly through the pulley (r = 0),
the right-hand sides remain well-behaved and do not blow
up to infinity.

The new variable effectively slows down time near the
collision, making fixed-step size simulations very inefficient.
Therefore, an adaptive step size method is required to solve
the equations using regularization. We used the Dormand—
Prince (RK45) method.?”*® This adaptive solver computes
two simultaneous solutions at each time step: one fourth-
order and one fifth-order. The magnitude of the difference
between these two state vectors provides an estimate of the
local truncation error. To control the step size, this estimated
error is compared against a maximum allowable error thresh-
old, which is calculated dynamically for each state variable
using the prescribed relative and absolute tolerances (1078
and 1071, respectively), scaling the relative tolerance by the
current magnitude of the state. If the estimated error exceeds
this threshold, the step is rejected and the step size shrinks; if
it is within the threshold, the step is accepted and the step
size can safely grow for the next iteration.

Problem 2. Use Hamilton’s equations to transform the
equations of motion via the regularization transform, Eq. (3),
and arrive at Egs. (5)—(9). Is the system described by I in
Eq. (4) Hamiltonian? Is the regularization transform a canon-
ical transformation?"

A Poincaré surface of section reduces the complexity of
the four-dimensional (4D) phase space (r,0,p,,po) to a 2D
plot. Because the energy E is conserved, the accessible states
are restricted to a 3D energy shell.”” We take a 2D slice
through this shell by recording the system state only when it
crosses a specific geometric plane. In our analysis, this plane
is defined at 0 = 0 (the pendulum hanging straight down)
with the mass moving in the positive angular direction
(pp > 0). The resulting intersections are plotted in the
remaining coordinates (r,p,), which define a (nonglobal)
Poincaré surface of section.

Solving a grid of initial conditions (ro, p,o) while varying u
(with fixed E) allows us to explore how the global dynamics
depends on pu. Regions with continuous curves on the surface
of section indicate stable, quasiperiodic invariant tori, while
scattered “dust” indicates unstable regions with chaotic orbits.

2rp,
“£pr 0
f+1
0 0
Treg (Xreg) = —i — 6gr(p—cos0) +2E —3gr’sin0
u+1
—3gr?sin0 —gr3cos 0
2r 0

In a chaotic regime, the distance between infinitesimally
close trajectories diverges exponentially. The magnitude
of the deviation vector grows as [w(f)| ~ e*!, where
A1 > 0 is the maximum Lyapunov exponent. When integrat-
ing the equations of motion numerically using standard
double-precision floating-point arithmetic (which caps at
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III. DISTINGUISHING STABLE FROM UNSTABLE
ORBITS

To evaluate the stability of an orbit, we look at the evolu-
tion of small perturbations using the variational equations
constructed with the Jacobian matrix. Consider an n-dimen-
sional continuous dynamical system defined by

dx
— = f(x(t 10
= 1(x(1), (10)
where x € R" represents the state vector. Let x() be the ref-
erence trajectory, and x(¢) + w(¢) a perturbed trajectory.
Linearizing the dynamics via a Taylor expansion yields the
variational equations

W Ixywo) an
t
where J(x) = 0f /0x is the n X n Jacobian matrix evaluated
along the reference trajectory.

For the swinging Atwood machine in standard physical
time ¢, the state vector is Xerig = (7, 0, p;, pg)T and the corre-
sponding 4 x 4 Jacobian matrix Jorig 1S

1
0 0 — 0
u+1

2py 1

0 0 0 il

Jorig (Xorig) = r3 r2
3pj . 2py
- ’70 —gsin0 0 3

| —gsin)  —grcos6 0 0 |

12)

When tracking trajectories using the regularization tech-
nique described in Sec. II, the system is integrated with
respect to the fictitious time t. This extended phase space
introduces physical time as a fifth state variable, making the
state vector Xy = (7, 0, pr, po, t)T. We differentiate the regu-
larized equations of motion, which yields the 5 x 5 Jacobian
matrix Jyy to obtain

) -
. 0

p+1
0 10

_ 2y 0 (13)
u+1
0 00

approximately 10°%), chaotic orbits will cause ||w(z)|| to
overflow, resulting in a NaN (Not a Number) system failure
within seconds.

However, as described in the following, to distinguish cha-
otic orbits from stable orbits, we need only to track the direc-
tion of the deviation vectors, not their magnitude. We can
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therefore restrict the solver to integrating unit vectors
w = w/||wl||. Although discrete normalization at each inte-
gration step is an option, a numerically stable approach is
continuous normalization built directly into the numerical
algorithm. We take the time derivative of w,

d d w

—W=—[(—5 14

mw ‘thNN“> (14)
apply the quotient rule, and substitute w = Jw to find

dw w w

— ———(wl'w) = Jw — w(w'Jw). (15)
dr[lwllwlf?
This equation acts as an intrinsic Gram—Schmidt orthogonal
projection. The term (W’ JW)W subtracts any growth in the
direction of W, guaranteeing that d /dt||w|* = 0. By append-
ing Eq. (14) to the physical state equations, floating-point
overflow is eliminated.

The smaller alignment index (SALI) method takes advan-
tage of the stretching nature of chaotic phase space to
quickly distinguish between stable and unstable orbits.*°
Suppose we initialize two independent, orthonormal devia-
tion vectors, w;(0) and w,(0). In a stable/quasiperiodic
orbit, the motion is confined to an invariant torus. Without
an exponentially dominant stretching direction, the two devi-
ation vectors fluctuate and drift, but they remain linearly
independent and do not permanently align. In an unstable/
chaotic orbit, the phase space possesses at least one direction
of exponential stretching. As the system evolves, the flow
aggressively pulls both w; and W, to point along the direc-
tion of maximal expansion. Because the vectors are normal-
ized, they will either become identical (parallel) or exact
opposites (anti-parallel) (see Fig. 2).

To quantify this geometrical alignment, the smaller align-
ment index is defined as the minimum between the sum and
the difference of the two normalized deviation vectors,

SALI(r) = min([|w, (1) + Wa(1) [, [[W1(2) = Wa(1)]])-
(16)

If the vectors align parallel (W, — W;), their difference
approaches zero. If they align anti-parallel (W; — —w,),
their sum approaches zero. In either case, the smaller align-
ment index plummets.

Problem 3. The initial conditions (a)-(d) in Problem 1 are
periodic orbits. Use these orbits as seed values to use in a
‘root finding’ algorithm with ‘analytic continuation’ to track

Initial State (t = 0) Later Time (t > 0)

Orthogonal Deviation Vectors ~ Vectors Align in Chaotic Flow
Wz(O) W](t) /,
Wy (t)

w1(0) -

Fig. 2. (Color online) The smaller alignment index (SALI) tracks the align-
ment of perturbation vectors. Initially orthogonal vectors (left) are stretched
by a chaotic flow (right), eventually aligning parallel to the axis of maximal
expansion.
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SALI vs Time for the Swinging Atwood's Machine

—Quasiperiodic Orbit|:
—Chaotic Orbit

SALI (log scale)

1610 £ v
0 200 400 600 800 1000

Time (s)

Fig. 3. (Color online) An example of how the time-dependence of the
smaller alignment index can distinguish between quasiperiodic (stable) and
chaotic (unstable) orbits in the swinging Atwood machine. Initial conditions
from Problem 1(e), quasiperiodic, and Problem 1(f), chaotic, are used.

the location of these orbits as p varies from 3 down to 2.77,
in steps of 0.01. Provide a list containing L, the initial condi-
tions, the period, the eigenvalues, and a classification of the
orbit type (elliptic, hyperbolic). Use a toolbox or develop
your own code with the method outlined in Appendix A.

Problem 4. Use the quasiperiodic initial condition from
Problem 1(e) and the chaotic initial condition from Problem
1(f) to create a figure similar to Fig. 3, illustrating how the
smaller alignment index varies in time and can be used to
distinguish quasiperiodic orbits from chaotic orbits (see
Appendix B).

IV. TRACKING THE SPREAD OF CHAOS

To track the spread of chaos, we estimate the percentage
of unstable orbits relative to the total number of orbits by
numerically sampling phase space using the surface of sec-
tion. This procedure is illustrated in Fig. 4, which shows how
phase space contains a greater percentage of chaotic orbits as
the system moves from integrable motion at y = 3 toward
w=2.9,28,and 2.7.

The stability of each orbit in the surfaces of section is
evaluated and colored according to its estimated stability
index. In the color map, a blue hue indicates stability and a
red hue instability. A single threshold is applied to the stabil-
ity index (log ;o(SALI) < —8) to quantitatively evaluate the
spread of chaos. The percentage is a simple estimate; a range
of percentages is possible depending on the exact parameters
chosen. However, the overall trends (increasing or decreas-
ing) are similar for reasonable choices of the parameters.

Figure 5 shows a plot of the spread of chaos as y decreases
from 3 to 2.7. As indicated by visual inspection, the percent-
age of phase space occupied by chaotic orbits decreases
(more or less) monotonically from u = 3 to 2.7. With a basic
grounding in dynamical systems, it is easy to identify the
geometrical mechanism causing the spread of chaos—
namely, a low-order hyperbolic periodic orbit that moves
toward its partner elliptic periodic orbit and in the process
appears to destroy KAM tori as it approaches a saddle-center
bifurcation, which numerics indicate occurs at y = 2.77. The
spread of chaos in this example, from integrable motion to
chaotic motion arising from an unstable orbit that separates
different regimes of motion, has been termed separatrix
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Fig. 4. (Color online) A sequence of surfaces of section for decreasing mass ratios: (a) y = 3, integrable, stratified by tori; (b) 4 = 2.9, nonintegrable, KAM
tori and chaos; (c) u = 2.8, increasingly chaotic as the tori are destroyed; and (d) ¢ = 2.7, mostly chaotic.

chaos, and can be studied in more detail using Hamiltonian
perturbation theory.>'*

In the study of dynamical systems, a separatrix is a
boundary in phase space that divides distinct types of
motion.">?° Consider a pendulum.'®** It has two primary
modes of behavior: libration—small oscillations around the
stable equilibrium (the bottom)—and rotation—full circu-
lar revolutions (when given enough energy). The curve that
separates these two behaviors is the separatrix. Physically,
it represents the trajectory where the pendulum has exactly
enough energy to reach the upright vertical position and
stay there (an unstable equilibrium). In an ideal, integrable
system (like the frictionless pendulum), the separatrix is a

Percentage of Stable Phase Space vs Mass Ratio

100
90"
80~
70~
60

50~

Stable Phase Space (%)

30

20"

101

3 2.95 2.9 2.85 2.8 2.75 2.7

Mass Ratio, u

Fig. 5. Estimated percentage of phase space with stable orbits as a function
of the mass ratio p.
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smooth, well-defined boundary. When a small perturbation
is applied, the separatrix also points to a generic mechanism
to generate chaos. The approach to the unstable position
along the separatrix—an unstable equilibrium point in the
pendulum, or an unstable periodic orbit in the swinging
Atwood machine—can result in the system becoming
extremely sensitive to even the smallest external influence
near this boundary. The geometrical remnants of the sepa-
ratrix in the perturbed system are the stable (W*) and unsta-
ble manifolds (W"). Regions near a hyperbolic point of
phase space generate chaotic behavior because the flow is
ripped apart near these geometric structures, and the way
the flow comes back together can be very complicated, as
discovered by Poincaré.”* According to the Smale—Birkhoff
homoclinic theorem,35 if stable and unstable manifolds in
the perturbed system intersect once transversally, they must
intersect an infinite number of times, creating a homoclinic
tangle. This single point of an isolated (i.e., transversal)
intersection forces an infinite number of other intersections,
resulting in a region of “stochasticity” where the trajectory
is chaotic and exhibits sensitive dependence on initial
conditions.

The hyperbolic point organizing the chaotic regions of
the swinging Atwood machine near u = 3 is easy to spot in
the surface of section. As shown in Fig. 6 for u = 2.95,
both the elliptic fixed point and the hyperbolic fixed point
correspond to two separate, coexisting periodic loop orbits
in configuration space. We call the stable orbit [blue curve
in Fig. 6(b)] the stable loop, and the hyperbolic orbit [red
curve in Fig. 6(b)] the unstable loop. By analytic continua-
tion, we can follow these orbits back to their integrable
(u = 3) locations. The stable loop at u = 3 is the central
fixed point in Fig. 4(a) surrounded by elliptic tori, while the
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(o) Phase Space - Surface of Section

(b) Configuration Space

~ = = Energy Boundary 0.6
® W (Stable)
®  W"(Unstable)
@ Fixed Point

® Pulley |
—Unstable Loop
—Stable Loop

0.4

Unstable Loop
0.2

Stable Loop

-06 -04 -02 0.2 0.4 0.6

0
X

Fig. 6. (Color online) (a) The fixed points in the phase-space surface of section and (b) their corresponding loop periodic orbits in configuration space. The sta-
ble loop orbit corresponds to an elliptic fixed point in phase space that organizes the main collection of KAM tori when 2.7 < u < 3. Branches of the stable
(W?*) and unstable (W") manifolds of the hyperbolic homoclinic point [purple point in (a)] demarcate the main stable and unstable regions in phase space.

unstable loop corresponds to an orbit that starts to fall
directly above the pulley (0y = 7), wraps tightly around the
pulley once, and then shoots upward. When it reaches the
top, it falls once again and repeats. As described in Ref. §,
when u = 3.0, all the orbits of the swinging Atwood
machine in phase space are pinched between two periodic
orbits. In the middle, there is a (singular tori) stable loop
periodic orbit which has more or less the same shape as that
shown in Fig. 6(b) (blue curve). On the outside in phase
space, surrounding all the tori, is an unstable orbit like that
shown in Fig. 6(b) (red curve). As u approaches 3, in con-
figuration space the unstable loop becomes more tightly
bound around the pulley and the ends of the orbit face
straight up.

The unstable loop, which in the limit 4 = 3 collides with
the pulley, is the origin of most of the unstable motion in the
swinging Atwood machine for u € [2.77,3).

Problem 5. Using a dynamical systems toolkit (such as
those available for Python25 or Julia,24 or the codes in the
supplementary material), create a surface of section plot like
those in Fig. 4 for u = 2.95. Identify the unstable loop and
the stable loop in the plot.

SUPPLEMENTARY MATERIAL

Please click on this link to access the supplementary mate-
rial, package contains computer codes and simulations that
provide problem solutions, and can be a useful starting point
for students looking to further explore the swinging Atwood
machine’s dynamics or similar Hamiltonian systems. For
instance, does the golden ratio appear in the last torus?>°
Print readers can see the supplementary material at https://
doi.org/10.60893/figshare.ajp.c.8494659.
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APPENDIX A: TRACKING PERIODIC ORBITS

To study periodic orbits, we reduce the continuous-time
dynamics to a discrete map by introducing a Poincaré section
2. We define X as the plane where the swinging mass crosses
the vertical axis with positive angular momentum,

2={(r,0.p;,p0) €ER*|0=0,py>0,H=E}. (Al

On this section, the state is completely parameterized by the
vector X = [r, p,ﬁ]T. The angular momentum pjy is uniquely
determined by solving H = E for py,

2
Po = \/2r2 (E—z(;’jrl)—gr(y— 1)>. (A2)

A periodic orbit of a continuous system corresponds to a
fixed point of the Poincaré return map P : £ — X. The map
P(X) integrates Hamilton’s equations from an initial state X
on X until the trajectory next intersects X.

Finding a periodic orbit reduces to solving the nonlinear
root-finding problem,

F(X) =P(X)-X =0. (A3)

The program po_stable in the supplementary material
uses a shooting method paired with a standard Newton—
Raphson or trust-region solver.?® Given an initial guess X©),
the solver iteratively refines the guess until the discrepancy
|P(X) = X|| is below a strict tolerance (e.g., 107'7).

To track how the periodic orbit evolves as yu is continu-
ously varied from u = 3.0 to u =2.77, we employ zeroth-
order numerical continuation. Let X*(x) denote the exact
fixed point of the return map for a specific value of u. If we
change p by a small Ay, the new fixed point X*(u + Ap)
will be located close to X*(u) assuming the orbit does not
undergo a catastrophic bifurcation. The continuation algo-
rithm proceeds as follows:

(1) Start at g, = 3.0 with a known fixed point X* ().
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(2) Decrease the parameter: y; | = p; — Apu.

(3) Use the solution from the previous step as the initial
guess for the current step: Xguess = X" (1;).

(4) Solve F(X; p;) = 0 using the shooting method to find
X" (His1)-

(5) Repeat until the target y is reached.

This method relies on the implicit function theorem,
ensuring that a unique continuous branch of periodic orbits
exists as long as the Jacobian of F is nonsingular.

Once a periodic orbit X* is found, its linear stability is
determined by evaluating how small perturbations 06X
behave over one full period. This stability is evaluated with
the Jacobian of the Poincaré map evaluated at the fixed point,
also known as the monodromy matrix M,

8_r’ or'

M:(')P(X) _ or  Op, ' (Ad)
X |x-  |op. Op,
or  Op,

Because we lack a closed-form expression for P(X), we
estimate M using central finite differences. For a small per-
turbation € ~ 107°,

P(X* +[e.0]) — (X"~ [,0])
2€ ’

M, ~ P(x +(0.d") - p(x - [0.d")

M, ~ (AS)

(A6)

Liouville’s theorem dictates that Hamiltonian phase vol-
ume is conserved, making the Poincaré map area-preserving.
Consequently, the determinant of the monodromy matrix
must be identically one (det(M) = 1).

The eigenvalues A;, 4, of M are found via the characteris-
tic polynomial

72— Tr(M) 2+ det(M) =0 = > —=Tr(M) 2 + 1 = 0.
(A7)

The solutions are completely determined by the trace of the
monodromy matrix, Tr(M) = my; + ma,

Tr(M)*/Tr(M)* — 4
2

The trace of the monodromy matrix provides a straightfor-
ward classification of the orbit’s stability:

lip = (A8)

« Elliptic (stable): If |Tr(M)| < 2, the discriminant is nega-
tive. The eigenvalues are complex conjugates residing
exactly on the unit circle in the complex plane (|4,2| = 1,
J. = e*'%). Small perturbations oscillate quasiperiodically
around the fixed point.

 Hyperbolic (unstable): If |Tr(M)| > 2, the discriminant
is positive. The eigenvalues are strictly real, with one
greater than 1 (4; > 1) and the other less than 1
(Aa =1/ < 1). The orbit possesses distinct stable and
unstable manifolds, leading to exponential divergence of
trajectories.

¢ Parabolic (marginal): If |Tr(M)| = 2, the eigenvalues
are degenerate (1 = 4, = *1). This typically signals a
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bifurcation point where the orbit changes stability type or
spawns new periodic orbits as p is varied.

APPENDIX B: THE SMALLER ALIGNMENT INDEX
(SALI) METHOD

To compute the smaller alignment index, we must track
the evolution of infinitesimal perturbations to the trajectory.
Let w(t) = [0r, 00, 9p,, dpg)” be a deviation vector in the tan-
gent space of the trajectory X(¢).

The evolution of w(¢) is governed by the variational equa-
tions, obtained by linearizing the vector field f(X) around
the reference trajectory,

W= AX)w, (B1)

where A(X) is the Jacobian matrix evaluated continuously
along the orbit.

The SALI computation requires the simultaneous integra-
tion of the main orbit and two independent deviation vectors.

Step 1: Initialization. Choose an initial state X(0) on the
desired energy surface. Choose two orthogonal, normalized
initial deviation vectors, for example,

wi(0) = [1,0,0,0]",  w,(0) =1[0,1,0,0]". (B2)

Construct the extended 12-dimensional state vector
Y= [X7 Wi, WZ]T'

Step 2: Integration and normalization. Integrate the
extended system (X, w;,w,) forward in time using a high-
precision numerical algorithm. Because chaotic dynamics
will cause the magnitudes of w; and w, to grow exponen-
tially, they will quickly overflow machine precision. To pre-
vent this, the integration is performed in small time steps At.
At the end of each step, the vectors are normalized,

Wi A W2

W=, W= (B3)
[[wi] [[w2]

The normalized vectors are then used as the initial conditions
for the next integration step.
Step 3: Calculating the index. At each time step ¢, the
smaller alignment index is defined as the minimum of the
norms of the sum and difference of the two normalized
deviation vectors:

SALI(7) = min(||wy(2) + W2 (0)], [[W1 () = Wa(2)]]).
(B4)

The behavior of SALI(7) sharply distinguishes the underly-

ing dynamics:

* Chaotic orbits: In a chaotic region, any arbitrary initial
deviation vector will stretch and rapidly align along the
most unstable manifold (the direction of the maximum
Lyapunov exponent). As both w; and w; align with this
same dominant direction, they become either parallel
(W1 &~ Wy) or anti-parallel (W; =~ —w,). Consequently,
either their difference or their sum approaches zero.
Thus, for chaotic orbits, SALI(z) drops exponentially to
the limit of machine precision (~10719).

* Regular (quasiperiodic) orbits: In a regular region,
there is no exponential divergence. The deviation vectors
oscillate and generally remain linearly independent,
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exploring the tangent space of the invariant torus.
Therefore, SALI(¢) fluctuates around a positive nonzero
constant (typically O(1)).

By plotting log(SALI) vs time, we can visually identify the
nature of the orbit, often much faster than waiting for the
convergence of a Lyapunov exponent calculation.
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